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@@3 Linear regression

e Our goal in linear regression is to predict a target
. . d
continuous value y from a vector of input valuesx € R
: we use a linear function / as the model

e At the training stage, we aim to find /(x) so that we
have /(x;) = y, for each training sample (x,, ;)

e We suppose that Z is a linear function, so
hon(X)=6"x+b,0c R™

Rewrite it, 3' _ (6), x' _ Exj
b |

0'x+b=6"x =h(x)
Later, we simply use /1, (x) = 8" x,0 R(dH)Xl, e R
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@@ Linear regression

e Then, our task is to find a choice of @ so that he(xl.) IS
as close as possible to ),

The cost function can be written as,

LO) =Y (6"~ ()

or

L(H,b):%zm:(b+9Txl. —yl.)z + 2|6 . x,e R, 0e R (2)

i=1

d
Regularization term. The function with small {Hi}izl is
better since it is more smooth

In real practice, (2) is preferred to cope with overfitting. For
simplicity, in our context, we use (1) in the following
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fg@ Linear regression

e Then, our task is to find a choice of @ so that he(xl.) IS
as close as possible to ),

The cost function can be written as,
| R 2
L(6) :52(8 X
i=1
Then, the task at the training stage is to find

* . 1 7 2
6 = argmm—Z(HTxl. —yl.)
4 29T
For this special case, it has a closed-form optimal solution

Here we use a more general method, gradient descent
method
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@@3 Linear regression

e Gradient descent
— It is a first-order optimization algorithm

—To find a local minimum of a function, one takes steps
proportional to the negative of the gradient of the function
at the current point

— One starts with a guess @, for a local minimum of L(8)
and considers the sequence such that

Hn = an—l o aVGL(H)W:an—l

where (X is called as learning rate

Why will the function value decrease when we move a small step
along the opposite direction of the gradient?
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Linear regression

e Gradient descent
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@@ Linear regression

e Gradient descent
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@@3 Linear regression

e Gradient descent

Repeat until convergence ( L(H) will not reduce anymore)

{
Hn = en—l o O(VHL(H)W:en—l

GD is a general optimization solution; for a specific problem,

the key step is how to compute gradient
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@@ Linear regression

e Gradient of the cost function of linear regression

LO) =Y (6"~

i=1

The gradient is,

oL(6)
96,
IL(6) )
V,1(6)=| 96, | where, 852‘9) =30, (h(x)-3)
OL(6) )
_aedﬂ _ m— VHL(G):in(ha(xi)_yi)
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@@ Linear regression

e Some variants of gradient descent

— The ordinary gradient descent algorithm looks at every
sample in the entire training set on every step; it is also
called as batch gradient descent

— Stochastic gradient descent (SGD) repeatedly run through
the training set, and each time when we encounter a
training sample, we update the parameters according to the
gradient of the error w.r.t that single training sample only

Repeat until convergence

{

fori=1tom (mis the number of training samples)

! 6,=0, _a(enT—lxi _yi)xi

}
}

Lin ZHANG, SSE, TONGJI UNIV.



@@3 Linear regression

e Some variants of gradient descent

— The ordinary gradient descent algorithm looks at every
sample in the entire training set on every step; it is also
called as batch gradient descent

— Stochastic gradient descent (SGD) repeatedly run through
the training set, and each time when we encounter a
training sample, we update the parameters according to the
gradient of the error w.r.t that single training sample only

— Minibatch SGD: it works identically to SGD, except that it
uses more than one training samples to make each estimate

of the gradient
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Linear regression

e More concepts
— m Training samples can be divided into N minibatches

— When the training sweeps all the batches, we say we complete one
epoch of training process; for a typical training process, several epochs
are usually required

epochs = 10;
numMiniBatches = N,
while epochindex< epochs && not convergent
{
reshuffle minibatches
for n =1 to numMiniBatches

{

//update the model parameters based on minibatch &,

en = en—l _agn (en—l) dL(ﬁ 9 1)
} gn (en—l) = den —
} 1

n—
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fg@ Linear regression

e Three steps for determining the function “f’ in linear regression

Determine the
function set

Determine the
criteria

Figure out the
“best” function
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hg (x) _ HTX, Qc R(dﬂ)xl, xe R(dﬂ)xl

Training data: {(x,-,yi)}jil

L(h) =32y ()]

i=1

Hn = Hn—l - O(i X; (han_l (xi) — Vi )
i=1



e Linear model
— Linear regression
— Logistic regression
— Softmax regression
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@ Logistic regression

e Logistic regression is used for binary classification

e |t squeezes the linear regression @' x into the range (0,
1) ; thus the prediction result can be interpreted as
probability

e At the testing stage

The probability that the testing sample x is positive is
represented as j,(x)=

1+exp(—0" x)
The probability that the testing sample x is negative is
represented as 1-i,(x)

, 1
Function o(z)=
function 1+exp(—z)

is called as sigmoid or logistic

Lin ZHANG, SSE, TONGJI UNIV.



@@ Logistic regression

i |
X

o)
on

One property of the

0
v

sigmoid function

o (z)=0(z)(1-0(2))

-4 —2 0 2 4

The shape of sigmoid function
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@ Logistic regression

e The hypothesis model can be written neatly as

P(y|x;0)=(hy(x)) (1-hy(x)) ", ye{0,1}
e Our goal is to search for a value @ so that /1,(x) is
large when x belongs to “1” class and small when x
belongs to “0” class

Thus, given a training set with binary labels {(x.,y):li=1,...m,y,€{0,1}}

, we want to maximize,
m

H (ha(xi))yi (1 ~ ha(xi))l_yi

i=1
Equivalent to maximize,

zyi log(ha(xi))+(1_yi)10g(1_ha(xi))
i=1



@ Logistic regression

e Thus, the cost function for the logistic regression is (we
want to minimize),

m

L(@) — _Zyi log(he(xi))+(1_yi)10g(1_h0(xi))

i=1

To solve it with gradient descent, gradient needs to be computed,

VoL(6) =%, (hy(x)~ )

e

Assighment!
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@ Logistic regression

e Three steps for determining the function “f’ in logistic regression

Determine the
function set

Determine the
criteria

Figure out the
“best” function

hy(x)=0(0"x),0€ R xe R

Training data: {(xl.,y,.) li=1,...,m,y, € {0,1}}

m

L(he) — _Zyi log(ha(xi)) + (1 _yi)log(l_ ha(xi))
N cross entropy

0,=0,, - O{i X; (hen_l (x;)— Y, )
i=1
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e Linear model
— Linear regression
— Logistic regression
— Softmax regression
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@ Softmax regression

e Softmax operation

— It squashes a K-dimensional vector z of arbitrary real values
to a K-dimensional vector O(Z) of real values in the range
(0, 1). The function is given by,

exp(z;)

K

Z exp(z; )

— Since the components of the vector O'(Z) sum to one and
are all strictly between 0 and 1, they represent a categorical
probability distribution

0(z); =
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@@ Softmax regression

e For multiclass classification, given a test input x, we
want our hypothesis to estimate p(y =k | X)for each
value i=1,2,....K
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@ Softmax regression

e The hypothesis should output a K-dimensional vector
giving us K estimated probabilities. It takes the form,

( T
p(y=1x:9) eXpt(el) *)
By (x) = :p(y=2|x;¢) :i (1( : ) .eXp\(Hz) x)
' exp(l8;) x]|-
_p(y:K|x9¢)_ J=1 _eXp((HK )T X)_

where ¢ =16,,0,,...,0, |e R
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@ Softmax regression

e |n softmax regression, for each training sample we
have,

exp((ﬂk )T xl.)
;exp((ﬂj )T xl.)

At the training stage, we want to maximize p (yl- =k | xl-;¢)
for each training sample for the correct label £

p(y,=k|x;0)=
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@@ Softmax regression

e Cost function for softmax regression

L(g) = i 10y, =k log xp((6) %)
Zexp(( ) %)

where 1{.} is an indicator function cross entropy

e Gradient of the cost function

Vo L(®) ==Y [ % (1 =kt = p (3, = k| x:9))

. o
c Can you verify?
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@@ Cross entropy

e After the softmax operation, the output vector can be
regarded as a discrete probability density function

e For multiclass classification, the ground-truth label for
a training sample is usually represented in one-hot
form, which can also be regarded as a density function
For example, we have 10 classes, and the ith training sample

belongs to class 7, then . =[0 00000100 0]

e Thus, at the training stage, we want to minimize

> dist(h(x,;6),,)

How to define dist? Cross entroy is a common choice
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@ Cross entropy

e Information entropy is defined as the average amount
of information produced by a probabilistic stochastic
source of data H(X)=-)_ p(x,)log p(x,)

where Xis a random variable and x; is the event in
the sample space represented by X

8 Claude Shannon ory. This paper introduced the word ‘bit’, and his con-
Y 1916—=2001 cept that information could be sent as a stream of 1s
: and Os paved the way for the communications revo-
§ After graduating from Michigan and lution. It is said that von Neumann recommended to
MIT, Shannon joined the AT&T Bell Shannon that he use the term entropy, not only be-
Telephone laboratories in 1941. His cause of its similarity to the quantity used in physics,
paper ‘A Mathematical Theory of but also because “nobody knows what entropy really
Communication’ published in the is, soin any discussion you will always have an advan-
Bell System Technical Journal in tage”.
1948 laid the foundations for modern information the-
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@3 Cross entropy

e Information entropy is defined as the average amount
of information produced by a probabilistic stochastic
source of data H(X)=-)_ p(x,)log p(x,)

e Cross entropy can measure the difference between
two distributions

H(p,q)=-) p(x,)logq(x,)

where p is the ground-ltruth, g is the prediction result,
and x; is the class index

e For multiclass classification, the last layer usually is a
softmax layer and the loss is the ‘cross entropy’
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@ Cross entropy

Example:
Suppose that the label of one sample is [1 0 O]
For model 1, the output of the last softmax layer is [0.5 0.4 0.1]

Its cross entropy is (base 10),

H(p,q)= —Zp(xl.)logq(xl.)z—(1*10g0.5+0*10g0.4+0*10g0.1) ~(.3

For model 2, the output of the last softmax layer is [0.8 0.1 0.1]

H(p,q):—Zp(xl.)logq(xi)z—(1*10g0.8+O*log0.1+0*log0.1)zO.l

Model 2 is better

Actually, the loss functions we have met for logistic regression and softmax regression are all
defined based on cross entropy
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